This article proposes a sequential optimization approach to efficiently identify non-minimal dynamic parameters of robot manipulators, possibly having large degrees of freedom. A back-substitution-based parameter identification from the last link to inward links is enabled due to the block upper triangular form of inherent regressor matrix. Starting with the dynamic model using the non-minimal parameters, we derive a generic compact formulation for the linear regression equation. We then establish a sequential optimization procedure taking into account physical feasibility of parameters. Numerical case examples demonstrate the validity of the proposed approach.
Introduction
Dynamic parameter identification of robot manipulators is an indispensable step for sophisticated motion control and better utilization of the robot systems. 1 For dynamic parameter identification, we need to have three fundamental elements: (i) first an efficient form of dynamic equation that can be transformed into a linear regression equation in terms of the parameters, 2, 3 (ii) a thoughtfully designed experimental trajectory that fully excites the dynamic nature of the robot system, 4 and (iii) a proper numerical method to solve for a feasible set of dynamic parameters by using input torques and motion data. [5] [6] [7] Our study is closely related to efficiently constructing and solving the regression equation while maintaining physical aptness or feasibility of the solution.
Among abundant researches on parameter identification, 8 some noticeable works relevant to our study are listed as follows. Armstrong et al. 9 proposed a minimal set of dynamic parameters of the PUMA560 industrial robot from the symbolic form of whole dynamic equation, even if the minimal set showed a nonlinear combination of the link inertial parameters. Gautier and Khalil 10 proposed a systematic way to select the set of minimally independent parameters (the base parameters) by the nullspace decomposition of the regressor matrix and later Yoshida and Khalil 11 showed that in some cases, the solution of the minimal set of parameters could violate the positive definiteness of the inertial matrix, leading to a physically incorrect result. Mata et al. 12 proposed a quadratic programming method to obtain a feasible set of parameters that best approximates the unconstrained least square solution; and they showed its validity by testing on a 6-degree-offreedom (DoF) industrial robot manipulator. Ayusawat and Nakamura 13 tried to identify a set of minimal parameters for a large-scaled robot systems by solving an optimization problem fulfilling both the least square error and the feasibility condition approximated by convex cones. Venture and Gautier 14 proposed a singular value decomposition-based calibration method for human inertial parameters, so as to satisfy physical consistency with a priori anatomical data. Gautier et al. proposed an observer-like closed-loop dynamic parameter identification method 15 which does not require the measurements (or estimates) of joint velocity and acceleration. Sousa and Cortesão 7 formulated the identification problem as a semi-definite programming (SDP) with linear inequality constraints that satisfy feasible conditions. Their algorithm was verified on three-link and seven-link robot manipulators. More recently, Joukov et al. 16 used an extended Kalman filter method for parameter identification of robot manipulators after imposing physical feasibility conditions into Sigmoid functions.
These previous approaches, however, would not be adequate nor efficient for general cases that possibly possess a large number of links. Although Ayusawat and Nakamura 13 tried to find the inertial parameters of a large DoF system, the algorithm basically required precise bounding box information on each link, which is not possible. Reorganizing all parameters into a set of minimal parameters, as was done for Programmable Universal Machine for Assembly (PUMA) robot 9 and KUKA robot, 17 must be even farther from possibility when the number of links becomes large. So, in this article, we propose an efficient backward sequential identification approach that divides the whole identification problem into several smaller ones, by utilizing the upper triangular nature of the regression matrix. 18 The regressor associated with non-minimal parameters is constructed from our compact analytic form of dynamics. The method is general and scalable to robot manipulators of any DoFs. The computation time is linearly increasing with the number of DoFs, at least, in theory.
The organization of the rest of this article is as follows. "Dynamic equations of robot manipulators" section addresses a succinct form of dynamics suitable for constructing regressor form; "Sequential procedure for parameter identification" section introduces the sequential identification of dynamic parameters in detail; "Case examples" section illustrates some case examples to show the validity of the proposed method; and finally, "Concluding remarks" section makes the conclusion of our study.
Dynamic equations of robot manipulators

Revisit: Newton-Euler equation
Consider an intermediate link i of an n-DoF robot manipulator as shown in Figure 1 , where f i; eq and t i; eq are the equivalent external force and moment exerted at the center of mass (O i ) of the body, respectively. The linear momentum of link i is
where m i and V i , respectively, denote the mass and the linear velocity at O i , and J vi 2 R 3Ân is the kinematic map from joint velocity _ q to V i . Similarly, the angular momentum of link i is
where v i is the angular velocity of link i; I i 2 R 3Â3 and 
where G vi :¼ m i g r denotes the gravitational force with g r being the gravitational acceleration vector, and f i;c and t i;c , respectively, are the equivalent constraint force and moment acting on O i . We can combine the above relation over the entire system as where n ¼ ½n (4) and then pre-multiplying J T ðqÞ yield
where we omitted the dependency of q in J and M for simplicity. Since the virtual work principle gives
where t 2 R n is the joint torque, equation (6) becomes
where
If written in a summation form, equation (7) finally becomes
where Sðv i Þ :¼ ðv i ÂÞ is a matrix operator of vector cross product.
In spite of its elegance, equation (8) is not useful in its current form to be cast into a parameter regression form, because J vi 's (and their derivatives) are not computable without prior knowledge of O i , the center of mass of link i, which is, however, unknown before identification. In the next subsection, equation (8) shall be modified by translating the point of interest from O i to a known kinematic position to yield an effective dynamic equation giving us a convenient regression model.
Regressor form from translated output coordinate
Suppose V i be the linear velocity at E i , the known distal end of link i, and also suppose r i be the distance vector from E i to O i (refer to Figure 2 ). Then, it is true that
Thus, we obtain a Jacobian relation as
Plugging the above two relations into equation (4) and pre-multiplying
After expanding and doing mathematical manipulation, the above equation reduces to To derive a linear regression equation from equation (12) 
where BðdÞ means a matrix operator for any vector d 2 R To add the effect of the frictional forces in the joints, the external input t can be modified to
where t a denotes the pure active joint torque and t f is the friction torque in the joints which is commonly modeled as
where a ¼ diag½a 1 ; . . . ; a n and b ¼ diag½b 1 ; . . . ; b n are the matrices of coefficients of Coulomb's friction and viscous friction, respectively; sgnð _ qÞ is the componentwise vector sign function; H i 2 R nÂ2 is a matrix whose j th row is ½ sgnð _ q i Þ1 for i ¼ j, but is zero for j 6 ¼ i;
T is the vector of friction coefficients related to the i th joint.
Ultimately, by combining equations (13) to (15) , the regression equation in the full dynamic parameters is constructed as 
respectively, denote the regressor matrix and the dynamic parameter vector associated with link i. The regression equation (16) can be cast into a single big-sized matrix equation as
It is important to note that all the rows below the i th row are null in Γ i by the construction of J vi and J vi . It means that inertial effect of link i is applied only to its inner joints, that is, joint 1 through joint i (see, for example, the works of Ha et al. 18 and Gautier 21 ). Ultimately, Γ becomes a block upper triangular matrix as shown below 
Sequential procedure for parameter identification
To identify the dynamic parameters, input torque and motion data of each joint have to be collected from a set of test motions, and using these, the dynamic parameters are sought such that the sum of squared errors between the actual input torque and the calculated torque by equation (17) is to be minimum. The necessary minimization is formulated as a least square problem where t aj ðkÞ denotes the jth component of t a ðkÞ and rowðΓ i ðkÞ; jÞ is an operator extracting the jth row vector of Γ i ðkÞ. Rearranging the estimation errors and input torques for entire measurements as However, a drawback associated with equation (20) is that it would take too much time to solve the problem if the numbers of DoFs (n) and measurements (N ) are large. The computation time tends to grow geometrically as they increase. Moreover, if no solution is found after a long computation, then we have to resolve the SDP by relaxing conditions of some constraints. After all, the parameter identification of a large DoF robot manipulator via SDP (equation (20)) would not be completed within a reasonable time duration in practice.
Hence, it seems more reasonable to divide the big-sized SDP in equation (20) into smaller SDPs by taking advantage of the block upper triangular form of e Γ and reduce the overall computation time. That is, first b Y n is independently obtained by taking into account the last N equations of equation (19) , then is b Y nÀ1 after combining the previously determined b Y n , and so on. By repeatedly solving n times of small SDPs, b Y can be completely determined. The idea is similar to the back-substitution to solve a set of linear equations after Gaussian elimination. 23 Advantage is that the time taken for parameter identification grows only linearly with the number of DoFs in theory, although some variation of computation time may occur since the convergence time reaching to solution is not deterministic in the SDP.
In detail, the i th SDP formulation under this sequential approach can be written as
where l i > 0 is a positive optimization variable and is the set of feasibility conditions associated with b
. . . ; n are implicitly assumed to be known during prior steps. Eventually solving equation (21) by n times will complete the identification of dynamics parameters.
Case examples
To demonstrate how effective the proposed modeling and identification approach, we carried out simulation study by using two example systems, one from the conventional model of industrial manipulators and the other from a specially designed 9-DoF robot manipulator, as shown in Figures 3 and 5 , respectively. The simulation was run under the MATLAB software (MathWorks, Inc., Natick, MA, USA) on a dedicated PC (CPU: Intel Core i5) with no other tasks running simultaneously.
Example 1: Industrial manipulator
A 6-DoF PUMA-type industrial robot manipulator was used in the simulation, where only the first 3-DoF were included in the dynamic model after neglecting the DoFs in the wrist which were not significant to the overall dynamics. The dynamic simulation was done by using the summation form of Newton-Euler equation in equation (8) . A friction model in equation (15) was inserted in the dynamic simulation to mimic the frictional effect. Gaussian random noise and high-frequency sinusoidal disturbance (A sinð100tÞ) were added to the input torque to enhance the realism of simulation.
Then, the regressor e Γ in equation (19) SDP solver 26 under MATLAB. As summarized in Table 1 , the results of the non-minimal parameter identification were fairly accurate to the true parameters; some noticeable estimation errors could be observed in the parameters of the first link, but it was due to the non-observability of a few parameters in the regression equation and did not affect the overall dynamics. The computation time was about 51 min, although it slightly varied depending upon cases. For comparison, we solved the same problem using equation (20) where all parameters and constraints were simultaneously taken into account for. The identification results from the sequential and the simultaneous approaches were almost the same as shown in Table 1 , but the simultaneous approach took nearly 10 h for completion, which was almost 11 times longer than that by using the proposed sequential approach.
The input torques and the estimated torques from the proposed sequential approach were compared in Figure 4 .
As shown, the estimated torques faithfully followed the actual input torques, even with noises and disturbance added in the input torques. This verifies that the sequential SDP was solved correctly.
Example 2: 9-DoF robot manipulator
As the second example, a 9-DoF robot manipulator, as shown in Figure 5 , was employed to verify the validity of the proposed approach in high-DoF systems. Since every link possesses 12 dynamic parameters, total 108 parameters had to be identified in this case. Like in the previous example, the recursive form of dynamics in equation (8) was reused for simulation. The Gaussian noises and sinusoidal disturbances were also included during the simulation. After collecting input torques and motion data, we formed the block upper triangular matrix e Γ with N ¼ 1000 samples. The optimization problem in equation (21) was then solved with feasibility constraints (equation (22)) in the backward direction, that is, from i ¼ 9 to i ¼ 1. Table 2 shows the numerical values of the true and the identified parameters by the proposed sequential method. The identified parameters all satisfied the feasibility conditions specified by inequalities. The computation time taken by the proposed method was approximately 20 min, a level that was slightly higher than our linearity expectation from the previous 3-DoF case. Overall, most of the parameters were identified close to their true values, but the identification error became larger, when compared to the previous 3-DoF example. This was because some parameters of the 9-DoF robot manipulator were too small or less involved in the motion of the given joint trajectory to be identified exactly; put in different respect, the trajectory seemed rather monotonous and its time duration was short to fully excite the dynamics of the whole nine links. With more data from different joint motions, we would achieve better identification result at the cost of increased computational burden.
For the purpose of comparison, when we tried to solve equation (20) by taking all parameters into account simultaneously, it took more than 4 days to obtain the solution. This shows that the simultaneous SDP tends to tremendously increase the computation time as the number of DoFs of the robot manipulator becomes larger, whereas the computation time of the proposed sequential method increases just reasonably. The numerical values from this simultaneous SDP, called as "estimated 2" in Table 2 , looked close to those from the proposed sequential SDP.
The profiles of the actual input torques and the estimated torques by the proposed approach, as shown in Figure 6 , were very close. These results supported the validity and effectiveness of the proposed approach.
Concluding remarks
In this article, a sequential computational algorithm was proposed to solve the optimization problem for parameter identification of robot manipulators that may have a large number of links. We showed how to construct the regressor equation from a succinctly arranged form of robot dynamic equation. The associated regressor matrix was bounded to be of an upper triangular matrix, which allowed us to solve the linear optimization by the sequential backward manner. We combined inequality conditions, while formulating the optimization, as needed so that the identified parameters have valid physical meaning. Two numerical examples showed the validity and effectiveness of the proposed algorithm. Since the proposed algorithm is general and scalable, we believe that a computer code for the algorithm, once programmed, can be reused to any kind of serial-type robot manipulator.
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